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Abstract. The problem of a supercavitating hydrofoil of general shape with leading edge cavity detachment is 
addressed in linear theory in terms of unknown source and vorticity distributions on the foil and cavity. The related 
singular integral equations are inverted analytically and the cavitation number, the source and vorticity distributions 
are expressed in terms of integrals of quantities which depend only on the hydrofoil shape and the cavity length. 
Numerical algorithms for computing these integrals accurately and efficiently are given. 

I. Introduction 

The analysis of the flow around a supercavitating hydrofoil is an essential tool in the overall 
design of high speed hydrofoil boats. It also constitutes the basis of more complicated flows 
such as those about supercavitating, ventilated or surface piercing propellers. 

Linear theory was first applied by Tulin to the problem of supercavitating symmetric 
sections at zero incidence and zero cavitation number [1], then to the problem of general 
camber meanlines at zero cavitation number [2], and to a supercavitating flat plate at 
incidence and arbitrary cavitation numbers [3]. It was subsequently extended to supercavitat- 
ing hydrofoils of general shape at non-zero cavitation numbers by Wu [4], Geurst [5], Parkin 
[6], Fabula [7], and Nishiyama and Ota [8]. The previous authors formulated the problem in 
terms of the complex perturbation velocity function, which was then determined from the 
application of the boundary condition on the foil, on the cavity, and at infinity. 

Hanaoka [9] formulated the linearized partial and supercavitating hydrofoil problem in 
terms of the perturbation velocity potential which he expressed in terms of singularity 
distributions on the foil. He also gave series representations for the cavitation number, the 
hydrodynamic coefficients and the cavity shape when the hydrofoil shape could be expressed 
in terms of polynomials in the chordwise coordinate. 

More recently, the non-linear flow around supercavitating hydrofoils has been addressed 
by employing numerical boundary element (panel) methods [10, 11, 12]. These methods 
discretize the hydrofoil and cavity surface into panels and apply the exact kinematic and 
dynamic boundary conditions on the exact cavity surface whose shape is determined 
iteratively. A drawback of the numerical non-linear methods however, especially in three 
dimensions, is the large computing time which is associated with the computation of the 
influence coefficients for every new cavity shape in the iterative process. Even though 
non-linear theories are more accurate, linear theories are more versatile in the design 
process. In addition, linear theories, especially when applied to supercavitating hydrofoils, 
provide a very good first approximation in the iterative process for determining the 
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non-linear cavity shape, thus reducing the associated computational effort (see, for example, 
[11] and Section 6 of this paper). 

In the present work, the linearized supercavitating hydrofoil problem with leading edge 
cavity detachment is addressed by using the classical source and vorticity approach, 
previously utilized by Davies [13], Golden [14] and Persson [15]. The linearized boundary 
conditions are expressed in terms of singular integral equations of unknown source and 
vorticity distributions. Those integral equations are inverted analytically and expressions for 
the cavitation number, the source and vorticity distributions are given in terms of integrals of 
functions which depend only on the geometry of the hydrofoil and the cavity length. Those 
integrals are then computed numerically in an accurate and efficient manner to produce the 
cavity shapes and the pressure distributions for generally shaped hydrofoils. 

The cavity shapes produced from the present method for some foil geometries and 
different flow conditions are finally compared with the cavity shapes produced from an 
existing non-linear potential based boundary element method. 

2. Formulation of the problem 

In this section, the linearized cavitating hydrofoil problem is formulated in terms of singular 
integral equations with respect to unknown vorticity and source distributions. This formula- 
tion has previously been utilized by, among others, Davies [13] and Golden [14]. The latter 
of those authors used numerical methods to invert the resulting integral equations and the 
former used analytical techniques from which, however, the final expressions for the vorticity 
and source distributions are still coupled to each other. More recently, Persson [15] inverted 
these integral equations in the case of a supercavitating fiat plate and produced analytical 
expressions for the source and vorticity distributions. In the present work, the involved 
singular integral equations are inverted analytically in the case of general shape supercavitat- 
ing hydrofoils. The cavitation number, the vorticity and source distributions are expressed in 
terms of integrals of quantities which depend only on the foil geometry and the cavity length. 

Consider a supercavitating hydrofoil of chord length one, with a cavity of length l > 1, 
subject to a uniform flow U~, as shown in Fig. 1. In this work we assume that the cavity 
starts at the leading edge on the suction side of the foil (x = 0) and at the trailing edge 
(x = 1) on the pressure side. 

The corresponding cavitation number or is defined as: 

Poc - -  PC = - -  , (1) 
2 

2 U ~  

where p= is the ambient pressure and Pc is the uniform pressure inside the cavity. 
We define as u and v the perturbation velocities tangent and normal to the direction of the 

incoming flow respectively, as shown in Fig. 1. In the context of the linearized cavity theory 
the boundary conditions of the corresponding Hilbert problem are: 

The kinematic boundary condition: 

d ' r / l  . 
v-=U~ dx ' O < x < l ,  y = O - .  (2) 
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Fig. 1. Supercav i ta t ing  hydrofoi l .  

The dynamic boundary conditions: 

+ Or = 0  + 
u = ~  U~; O < x < l ,  y , (3) 

O" 
u = ~ U ~ ;  l < x < l ,  y = 0 - ,  (4) 

where ~Tt(x) is the ordinate of the lower hydrofoil surface, as shown in Fig. 1. These 
boundary conditions can be expressed in terms of vorticity and source distributions 1 y(x) and 
q(x), respectively, located on the slit x E [0, l]: 

V - -  

q+ 1 flY(~)ds~ - - ~  ~ ~ - ~ ,  (5) 

u 2 2rr ~ - - x - -  ' (6) 

U - -  
2 27r - - - - ~  ' (7) 

By using Equations (3), (4), (6), and (7) it can easily be shown that: 

y(x) = 0 ; l < x < / .  (8) 

Finally, and with the use of the definitions: 

~/(x)- y(x) and ~(x)- q(x) 
~U= o'Us ' (9) 

1 W i t h  ~C des igna t ing  the  C a u c h y  principal  va lue  of  the  integral .  
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the complete boundary value problem becomes: 

1. Kinematic  Boundary  Condition 

- 3  0 < x < l ,  y=0- .  (a0) 

2. Dynamic  Boundary  Condition 

1 fl 1 o+ 
2 27r x = 2 ;  0 < x < l ,  y =  . (11) 

3. Kutta Condit ion 

~(1)=0.  (12) 

4. Cavity Closure Condition 2 

f/4(x)dx =0, (13) 

where 

1 dn t (14) 
®~-o-  dx " 

3. Inversion of the integral equations 

The singular integral equations of Cauchy type, (10) and (11), can be inverted to produce 
expressions for the unknown ~r, ~(x) and q(x)  in terms of the cavity length l and the lower 
hydrofoil surface rh(x), as follows: 

First, Equation (11) is inverted with respect to the unknown ~(x) [17] to produce: 

4 ( x ) = - / ~ - X x  + 1- ~ f i~/ l -sc '~(sc)d~:  (15) 

where use of Equation ('8) has been made. Notice that the expression (15) corresponds to 
the unique solution to (11) which behaves like 1 / V l  - x at the trailing edge of the cavity 
(Wu's singularity [18]). By substituting Equation (15) in (10) and by using the substitutions: 

~/ ~ ~/ 1 x ~: t = - (16) 
z =  l - x  ' ~7= l -  ~ ' l 1 ' 

2 We apply the linearized cavity closure condition in which the cavity is required to have zero thickness at its trailing 
edge. The present method can be extended to treat open cavities at the trailing edge with the openness of the cavity, 
possibly supplied from further knowledge of the viscous wake behind the cavity [16]. This, however, is outside the 
scope of this work. 
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we arrive at the following singular integral equation of Cauchy type for ~: 
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1 L'  9(*/)dr/ _ z O~(z) 
2~r J0 (1 + r/2)(z - 7) 4(1 q- Z 2) 2(1 q- Z 2) " 

(17) 

Inversion of Equation (17) with respect to the variable ~(~)/(1 + 7/2) renders finally: 

o T ( n )  
~(z)= ( l + z  2) x t~ t - z  f l  hI ~1 2 d~. 

~" ' z t -- n (1 q- T~2)(Z -- "/~) 
(18) 

Notice that ~(z) in Equation (18) is the unique solution to (17) which satisfies the Kutta 
condition (12). 

The cavitation number tr is determined by satisfying the cavity closure condition (13). 
First, by substituting Equation (15) in (13) and by using Equations (8), (37) and (39) we get: 

., lg 7 --~-  + , y(sC)dsC=0, (19/ 

and by applying Equations (18), (49), (43), (41) and (42) we get the following general 
expression for o-: 

4, r4 ; d,,] 
O -- vr(r 2 + 1) (1 q- T~2) 2 -- ~ dr/, (20) 

where r = "v/1 + t 2. 

The source distribution is derived by substituting Equation (18) into Equation (15) and by 
using Equations (49), (45), (46) and (47): 

/ t  + z (~r 2 - 1 -  z~r2 + l) 
4(z) + Y z ~ 7  

. - z ,o (1 + o~2)(z + ,o) 

for z < t, and 

(21) 

. / t + z  ( h / 7 - 1 - z g ~ r  ~+1)  
q(z) 

z 2V~r 2 

z - t  (zV~r2 + 1+ ~r2  - 1) 
~ - t  2X/2r 2 

for z > t .  

l + z  z x/t+z f' / w ®7(00) do) 
7r -----~- , t - w  ( l + w Z ) ( z + w )  

l+__z 2 z- t f~(~/  oJ O~(w)dw 
~ t -  o~ (1 + o~2)(z - o~) 

(22) 

The cavity thickness h(x), which also includes the foil thickness as shown in Fig. 1, is 
determined, within the framework of linearized theory, by integrating the equation 

dh 
U ~ x =  q(x). (23) 

The camber of the cavity in the wake, c(x), is determined by integrating the following 
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equation: 

dc 
U=~xx=Vw(X) for l < x < l ,  (24) 

where vw(x) is the normal perturbation velocity in the wake, given as follows: 

f0 7(~:) d~ • l < x < l  y = 0  (25) Vw(X ) _ 1 1 
27r x -  ~ ' ' " 

By substituting Equation (18) in (25) and by using (49), (48), (46) and (47) we get v w in 
terms of the hydrofoil geometry: 

vw(z) _ x/T-~_z ( ~ r  2 -  1 -  zV~r 2 + 1) 

o - u - 7  - z 

z - t  (zV~r2 + 1 + V ~ r 2 - 1 ) _ _ _  
4X/~r2 

1+ z 2 x t/-/%-z f~ ~/ ~o O~(w) do~ 
2~  ~/----~ t -  w ( l  + w2)(z  + w) 

l + z  2 ~ z - t f o '  / w ®~(~o) doJ 
27r " z t -  oJ (1+~o2)(z-o~) 

(26) 

The pressure distribution on the upper and lower cavity or foil surface is given, in the 
context of linear theory, as follows: 

C p = - 2 o -  27r ~--L-_x j ,  0 < x < l ,  y , (27) 

C p = - 2 o "  2 2~r ~-Tx j ,  0 < x < / ,  y = 0 - ,  (28) 

where Cp is the pressure coefficient defined as: 

c p = P - P =  
P_ 2 
2 U =  

(29) 

4. Numerical integrations 

The integrals in Equations (20), (18), (21) and (22) are computed numerically with special 
care taken at the singularities of the integrands. We first define the transformation: 

r / = t s i n 2 ( 0 )  ", 0 ~  < ~ < t  and 0 ~  <0~<Tr. (30) 

Next, we express the involved integrals in terms of 0, thus avoiding the square root 
singularities of the integrands at ~7 = 0 and ~ = t. The numerical integrations are then 
performed by applying Simpson's rule with K uniform intervals in 0. 

To compute the principal value of the singular integral in Equation (18), we first factor out 
the involved singularity as follows: 

fl ~ z---nf(n) dn = f~ ~ f(n)-z_nf(z) dn-~f(z), (31) 
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where 

n o (n) 
2 

f ( n )  --  2 
1+~7 

and Equation (39) has been used. Notice that the integrand in the integral of Equation (31) 
is not singular anymore, and thus the integral is computed numerically by applying the same 
methodology described in the beginning of this section. 

To find the cavity thickness distribution, we perform the integration in Equation (23) 
numerically after making the transformation 

x = l s i n 2 ( ~ ) ;  O<-x<~l and 0~<~b~<Tr. (32) 

We then compute the discretized thickness distribution by using the algorithm 

l f~'+' hi+~=hi+~a,~i q(x) sin&d~b; i = l , . . . , N  (33) 

with 

h 1 = 0  at ~b I = 0  (34) 

and 

qSi+1 = ~bi + ~ ; i = 1  . . . . .  N .  (35) 

The integral in Equation (33) is computed numerically by applying Simpson's rule with 
one interval (i.e. three points). 

The chamber distribution is determined by integrating Equation (24) numerically, using 
the same technique described previously for the cavity thickness distribution. 

The convergence of the numerical integrations is shown in Tables 1 and 2 for a 
supercavitating flat plate at an angle for which analytical results exist in the literature [5]. 
The cavity volume shown in Table 2 has been determined by integrating the cavity thickness 
as computed from Equation (33). The convergence is excellent even for small numbers of 
Simpson's intervals and for a broad range of cavity lengths. More convergence tests for some 
common camber and thickness distributions can be found in [19]. 

T a b l e  1:. Flat plate at a = 1 rad, cavitation number  

l Analytical Numerical  

K = 2 0  K =  10 K =  5 

1.1 6.324555 6.324555 6.324560 6.329471 
1.3 3.651484 3.651484 3.651484 3.651730 
1.5 2.828427 2.828427 2.828427 2.828405 
1.8 2.236068 2.236068 2.236068 2.236057 
2.0 2.000000 2.000000 2.000000 1.999995 
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Table 2. Flat plate at a = 1 rad, cavity number  V 

l Analytical Numerical 

K = 2 0  K = 10 K =  5 

1.1 1.272656 1.272656 1.272668 1.282604 
1.3 1.327715 1.327715 1.327715 1.328218 
1.5 1.554475 1.554475 1.554475 1.554295 
1.8 1.975729 1.975729 1.975729 1.975635 
2.0 2.288818 2.288818 2.288818 2.288768 

5 .  R e s u l t s  

Results produced by applying the present method on a typical hydrofoil section are shown in 
Fig. 2. The pressure distribution shown in Fig. 2 is determined by integrating numerically 
Equations (27) and (28) by using techniques similar to those described in Section 4. Note 
that the pressure coefficient, Cp, is constant everywhere on the cavity and equal to the 
negative of the cavitation number o- = 0.281. This provides a very good validation test on the 
involved expressions as well as on the related numerical integrations. 

Finally, cavity shapes predicted by applying the present linearized method and a non- 
linear boundary element method [12] are shown in Figs 3 to 7 for a parabolic camber section 
at different angles of attack and different cavity lengths. As expected, the differences 
between cavity shapes from linear and non-linear theory become larger for larger angles of 
attack and for shorter cavities. 

The boundary element method is described in detail in [12]. It consists a perturbation 
potential based boundary element method. The foil and cavity are panelled with constant 
strength dipole and source panels. The strength of the dipoles is proportional to the potential 
at each panel and is known on the cavity, due to the dynamic boundary condition, but is 
unknown on the fully wetted panels. The strength of the sources, on the other hand, is 

1. O0 

O. 60 

O. 20  

- 0 . 2 0  

- 0 . 6 0  
I 

upper cavity - ~  

lower foil 

- i . o o  , , , , 
0~-00. 0 . 5 0  1 . 0 0  

X 

/ 
lower cavity 

1 
1 . 5 0  

Fig. 2. Cavity shape and pressure distributions as predicted from the present  method.  NACA16-004 thickness 
section with parabolic camber  with max imum camber  to chord ratio 3%, at an angle of attack a = 5 °. Cavity length 
l = 1.5. Predicted cavitation number  ~r = 0.281. 
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Fig. 3. Cavity shapes predicted by applying the present method and the boundary element method by Kinnas & 
Fine (1990). Parabolic camber with maximum camber to chord ratio 4%. Angle of attack a = 6 °. Cavity length 
l =  1.5. 
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Fig. 4. Cavity shapes predicted by applying the present method and the boundary element method by Kinnas & 
Fine (1990). Parabolic camber with maximum camber to chord ratio 4%. Angle of attack a = 12 °. Cavity length 
/ =  1.5. 
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Fig. 5. Cavity shapes predicted by applying the present method and the boundary element method by Kinnas & 
Fine (1990). Parabolic camber with maximum camber to chord ratio 4%. Angle of attack a = 18 °. Cavity length 
l =  1.5. 
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Fig. 6. Cavity shapes predicted by applying the present method and the boundary element method by Kinnas & 
Fine (1990). Parabolic camber with maximum camber to chord ratio 4%. Angle of attack a = 12 °. Cavity length 
l =  2.0. 
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Fig. 7. Cavity shapes predicted by applying the present method and the boundary element method by Kinnas & 
Fine (1990). Parabolic camber with maximum camber to chord ratio 4%. Angle of attack a = 18 °. Cavity length 
l =  2.0. 

known on the fully wetted part of the foil, due to the kinematic boundary condition, but 
unknown on the cavity. The unknowns (including the corresponding cavitation number) are 
determined by applying Green's formula for the perturbation potential at the midpoints of 
all panels. The shape of the cavity is determined iteratively with the first iteration being that 
from linear theory. It has been found that the cavity shape coverages quickly (typically in 
one to two iterations). 

6. Conclusions 

The supercavitating hydrofoil with leading edge cavity detachment problem was treated in 
linear theory by employing a source and vorticity formulation. The related integral equations 
were inverted analytically and the cavitation number, the source and vorticity distributions 
were expressed in terms of integrals of quantities which depend only on the hydrofoil 
geometry. These integrals were then computed numerically in a very accurate as well as 
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efficient way. The cavity shapes and the corresponding pressure distributions were also 
computed via integrations of known quantities. 

The derived analytic expressions for the source and vorticity expressions are useful in 
validating the results from numerical methods based on the discrete vortex and source 
formulation [20]. Such a formulation has been utilized in predicting unsteady propeller sheet 
cavitation, a method originally developed by C-S. Lee [21] and recently improved by Kerwin 
and Kinnas [22]. 

Appendix 

List o f  integrals 

In this Appendix a list of integrals used throughout our analysis is given, along with some 
instructions for their derivation. The following integrals (37) to (39) have been evaluated by 
using the transformation: 

,si.2(o) = or z = t s i n  ; 0~<0~<~, (36) 

t"/j[~/ x d x =  ~'/ (37) 
l - x  2 ' 

f• ~/ 37rl2 
x d x -  (38) 

x l - x  8 ' 

f i ~ z  _ _ 1  dz = -Tr," 0~<r/~<t, 
~ z 

= 7r 7r" T/> t .  (39) 
r l - t  

The next integrals (40) to (42) have been taken from [15] where they have been evaluated by 
straightforward application of the calculus of residues (r = V~ + s2). 

f ] ~ [  z 1 rr  S(S 2 -1- 3 ) ~ r  2 + 1 -- 2V~-r 2 - l (40) 
S -- Z (1 Jr_ Z2) ~ d z  = 4---~ r 8 ' 

f )  ~ Z Z 7r 2si~Zr 2 +1 q-S(S 2 -  1)V~r2- 1 (41) 
s - z  ( l + z Z )  ~ d z =  4x/- ~ r8 , 

f f  f 2 S(3S 2 1 ) ~ r  2 + 1 - (4 s  2 + 2 ) ~ r  2 1 z z 7"/" - 

S -- Z (1 q- Z2) 2 d z  = 4v~ r 8 (42) ¥ 

The next integrals have been evaluated by breaking the integrand into partial fractions and 
then by evaluating each of the corresponding integral individually (r = ~/1 + t2): 

f l  t - z 1 ~ dz - 7r (V77r 2 + 1 + r/V~r 2 + 1). (43) 
~ J Z  l + Z 2  z--r /  V~( l+r /2 )  
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Define: 

2 2 - -  dr/ ,  (44) 
z - r /  r / - w  

then: 

7r ~ t +  z . O < z <  t 
R ( w ,  z ) -  2 z ( z  + ¢o) z ' 

= ~ t +  z ~ / -~- t  
- ( z +  - ( z  " z > t  (45)  2z w) z 2z - w) z ' ' 

f ~ /  w 1 w d w -  1 - -  7r ( ~ r Z - 1 -  ~_/-25 , ~f z z 
t w 1+o92 z+----~ l + z 2  V~r2 Zv ,  + 1 ) + 7 r  2 ,  - z + t  l + z  

(46) 

d~o-  
t - - w  1+o)  2 z - - w  

x/ z z 
+Tr z2 ; z - t  1+ 

1 ~" ( z ~ - r 2 + l +  r ~ - Z 1 )  
1 + z 2 V2r 2 

z > t ,  (47) 

f i ? - r /  r/dr/ r r [  1 / t + z  1 / ~ ]  
= - - -  ; z > ~ t  (48)  

r~ ( z  2 _ r / 2 ) ( r / _  ,o) 2 z + oa z z - o~ 

Finally, in order to change the order of integration in a double integral, we use the 
Poincard-Bertrand formula [17]: 

x  Xxo Xo,+  :dXl x: x ,x  ,XXl) x, (49) 
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